
G.R. Ramirez-San Juan General Physics III: Electromagnetism, Fall 2024

Exercise sheet #14

Problem 1. A longitudinal E field inside a wire causes a current J = σE. Since the curl of E is zero,
this same longitudinal E component must also exist right outside the surface of the wire. Show that
the Poynting vector flux through a cylinder right outside the wire is equal to IV , where I the current
and V is the electric potential (resistance heating).

Solution: The electric field inside the wire is given by E = J/σ, where σ is the electrical conductivity
of the wire. Since the curl of E is zero, we can draw a thin rectangular loop along the surface to
show that the electric field right outside the wire is also E = J/σ (and it points in the direction of
the current, of course). The magnetic field right outside the wire points tangentially with the usual
magnitude of B = µ0I/2πR, where R is the radius of the wire. E and B are perpendicular, and you
can show with the right-hand rule that the Poynting vector S = E×B/µ0 points radially into the wire.
So the direction is correct; the energy in the wire increases, consistent with the fact that it heats up.
The magnitude of S equals

S =
1

µ0
EB =

1

µ0

J

σ

µ0I

2πR
=

JI

2πRσ
.

To obtain the power flux into the wire through the surface, we must multiply by 2πRℓ, where ℓ is the
length of a given section of the wire. So the total energy flow per time into a length ℓ of the wire is

Pℓ = S · 2πRℓ =
JI

2πRσ
2πRℓ =

JI

σ
ℓ =

(I/A)I

σ
ℓ = I2

ℓ

σA
= I2

ρℓ

A
= I2R,

where R is the resistance of the length ℓ of the wire. We have used the fact that the resistivity ρ is
given by ρ = 1/σ. As desired, Pℓ equals the rate of resistance heating in the length ℓ of the wire. Pℓ

can also be written as I(IR) = IV , of course, where V is the voltage drop along the length ℓ of the
wire. Alternatively, we never actually had to use the J/σ form of E. A quicker method is:

Pℓ = S · 2πRℓ =
1

µ0
E

µ0I

2πR
· 2πRℓ = IEℓ = IV

Problem 2. The intensity of sunlight, at the earth, is roughly 1 kilowatt /m2. How large is the
magnetic field strength? Assume that the EM radiation from the sun is a plane sinusoidal wave.

Solution: We derived in class that for a plane sinusoidal wave: ⟨S⟩ = E0B0
2µ0

=
E2

0
2cµ0

=
cB2

0
2µ0

where

⟨S⟩ is the intensity (in this case ⟨S⟩ =1 kilowatt /m2), c = 3x108 is the speed of light and µ0 =
1.257 × 10−6kg ·m/C2. Substituting these values in the equation for the intensity and solving for B0

we get B0 = 0.9154× 10−6T

Problem 3. A parallel-plate capacitor with circular plates of radius R and separated by a distance h
is charged through a straight wire carrying current I, as shown in the figure below:

(a) Show that as the capacitor is being charged, the Poynting vector
−→
S points radially inward toward

the center of the capacitor.

(b) By integrating
−→
S over the cylindrical boundary, show that the rate at which energy enters the

capacitor is equal to the rate at which electrostatic energy is being stored in the electric field.
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Solution: (a) Let the axis of the circular plates be the z-axis, with current flowing in the +z direction.
Suppose at some instant the amount of charge accumulated on the positive plate is +Q. The
electric field is

−→
E =

σ

ε0
k̂ =

Q

πR2ε0
k̂

According to the Ampere-Maxwell’s equation, a magnetic field is induced by changing electric
flux: ∮ −→

B · d−→s = µ0Ienc + µ0ε0
d

dt

∫
S

−→
E · d

−→
A

From the cylindrical symmetry of the system, we see that the magnetic field will be circular,

centered on the z-axis, i.e.,
−→
B = Bφ̂ (see Figure below).

Consider a circular path of radius r < R between the plates. Using the above formula, we obtain

B(2πr) = 0 + µ0ε0
d

dt

(
Q

πR2ε0
πr2

)
=

µ0r
2

R2

dQ

dt

or

−→
B =

µ0r

2πR2

dQ

dt
φ̂

The Poynting
−→
S vector can then be written as

−→
S =

1

µ0

−→
E ×

−→
B =

1

µ0

(
Q

πR2ε0
k̂

)
×
(

µ0r

2πR2

dQ

dt
φ̂

)
= −

(
Qr

2π2R4ε0

)(
dQ

dt

)
r̂

Note that for dQ/dt > 0
−→
S points in the −r̂ direction, or radially inward toward the center of

the capacitor.

(b) The energy per unit volume carried by the electric field is uE = ε0E
2/2. The total energy stored

in the electric field then becomes

UE = uEV =
ε0
2
E2

(
πR2h

)
=

1

2
ε0

(
Q

πR2ε0

)2

πR2h =
Q2h

2πR2ε0

Differentiating the above expression with respect to t, we obtain the rate at which this energy is
being stored:

dUE

dt
=

d

dt

(
Q2h

2πR2ε0

)
=

Qh

πR2ε0

(
dQ

dt

)
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On the other hand, the rate at which energy flows into the capacitor through the cylinder at

r = R can be obtained by integrating
−→
S over the surface area:∮ −→

S · d
−→
A = SAR =

(
Qr

2π2εoR4

dQ

dt

)
(2πRh) =

Qh

ε0πR2

(
dQ

dt

)
which is equal to the rate at which energy stored in the electric field is changing.
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